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A sequence of integers x, < x, < --- < x, is called an ascending wave of length k
if X, —x;€x;,,—X;,, for all 1<ig<k—2. Let f(k) be the smallest positive
integer such that any 2-coloring of {1,2, .., f(k)} contains a monochromatic
ascending wave of length k. Settling a problem of Brown, Erdés, and Freedman we
show that there are two positive constants c,, ¢, such that ¢, k° < f(k) < c,k° for
all k> 1. Let g(n) be the largest integer k such that any set A< {1, 2, .., n} of car-
dinality |4} = n/2 contains an ascending wave of length k. We show that there are
two positive constants c; and ¢, such that c;(log n)*/log log n < g(n) < c{log n)? for
alln=1. © 1989 Academic Press, Inc.

0. INTRODUCTION

A sequence of integers x, <x,< --- <x, is called an ascending wave
(AW) of length k if x; | —x; <x;,,—x;,, forall 1 <i<k-—2. Let f(k)be
the smallest positive integer such that in any 2-coloring of {1, 2, .., f(k)}
there is a monochromatic ascending wave of length k. It is easy to see that

fk)<O(k) (0.1)

Indeed, let C be a coloring of {1, .., k*} in red and blue. Assume, without
loss of generality, that 1 is colored red. If there are k consecutive integers
colored blue we have a monochromatic AW of length k, as needed.
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Otherwise, put a,=0, a,=1 and define, recursively, a,,,=
min{x|x—a;>a;,—a,_, and x is colored red}, (i>1). As there are no k
consecutive integers colored blue this gives a;,,<a,+a;,—a,_,+k and
hence a,<1+k+2k+ - +k(k—1)=1+%k*k—1)<k’ A=a,<a,<---
<a, is a red AW of length k, establishing (0.1). Brown, Erdds, and
Freedman [BEF ] showed that

kK —k+1<flk)<k?/3—4k/3+3

for all k> 1 and asked if, in fact, the lower bound is the exact value of f(k)
for all k= 1. Here we show that this is false by proving the following
theorem, which determines the asymptotic behavior of the function f.

THeOREM 1.1. (k)< f(k) < O(K%).

Le., there are two positive constants ¢, ¢, >0 such that
o, k*<flk)< e,k

for all k> 1.

Let g=g(n) be the largest positive integer such that any set
Ac{1,2, ..,n} of cardinality |4|>3jn contains an ascending wave of
length g. Brown, Erdss, and Freedman [BEF] showed that

Q(log n) < g(n) < O(/n).

Our next theorem determines almost precisely the asymptotic behavior of
the function g.

THEOREM 2.1. Q(log? n/log log n) < g(n) < O(log? n).

The proofs of Theorems 1.1 and 2.1 are given in Sections 1 and 2,
respectively. The final Section 3 contains some concluding remarks and
open problems.

1. MONOCHROMATIC ASCENDING WAVES

In this section we prove Theorem 1.1. Recall that Brown, Erdds, and
Freedman [BEF] showed that f{k)<k?/3—4k/3+3, so it remains to
prove the lower bound. We prove the lower bound by a probabilistic con-
struction. Put b= k/40 | and m = 10~2%?2 |. Let C be a random 2-color-
ing of the integers 1, 2, .., 4bm defined as follows; Split these integers
into 4m blocks B,, B,, .., B,,, of b consecutive integers each. Le.,
B,={(i—-1)b+1, (i—1)b+2,..ib}. For each j, 1<j<m, choose, ran-
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domly and independently, an integer c;€ {0, 1, 2, 3} where Prob(c;=1)=3
for all /€ {0, 1,2, 3}. Let A=(a,);,_, be the following 4 x 4 matrix:

001 1
1t 100
4=141 0 0 1
0110

For all 1<j<m and all 0<s<3 we color all the members of the block
B,_, by the color a.. This defines a random coloring C of
"N={1,2, .., 4bm}. We next show that the probability that in this coloring
there is a monochromatic ascending wave of length k is smaller than 1 for
sufficiently large k. This clearly implies the lower bound in Theorem 1.1
and completes its proof. For convenience, we split the proof into several
lemmas. The first one is an immediate consequence of the construction. For
1 <i<4m let col(B,) denote the common color of the members of the block
B,. Thus col(B,) is a random variable whose range is {0, 1}.

LemMMa 1.2. (i) No five consecutive blocks B; have the same color.
(i1) For all 1 <i<4b,

Prob(col(B,) =0) = Prob(col(B,) = 1) = 3.

(iii) The colors of any pair of consecutive blocks are independent. Ie.,
Jor every 1<i<4m and every ¢, 6€ {0, 1},

Prob(col(B,)=¢ and  col(B,,,)=98)=1.

(iv) The colors of blocks whose pairwise distances are at least four
mutually independent. le., for every 1<i,<i<iz<--- <i;<4m that
satisfy i; ., —i;>4 for 1 <j<s and for every ¢, ¢,, .., £,€ {0, 1},

Prob(col(B,) =¢; for 1 <j<s5)=1/2".

(v) The colors of pairs of consecutive blocks whose pairwise distances
are at least four are mutually independent. Namely, for every
1< <ij+5<ih<i+5<iy< -+ <i,_;<i,_+5<i,<4m and for every
€1, 01, €5, 02, s &5, 6,€ {0, 1},

i1

Prob(col(B;)=¢; and col(B,_)=9, for 1 < j<s)=1/4".

An arithmetic progression x, <x,< --- <x, in N is called good (with
respect to the coloring C) if for every ¢e {0, 1} there is a member x; of
the progression that belongs to a block B; and col(B;)=col(B,;, ) =¢.
A progression which is not good is bad.
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LEMMA 1.3. The probability that there is a bad progression with dif-
Sference d>b of t=[1001log k] terms is at most 0.01.

Proof. Let P=x,<x,< --- <x, be a fixed progression with difference
d > b. Notice that no two elements of P belong to the same block. For each
i, 1<i<t/3, let C, be the block that contains x,; and let D, be the
consecutive block. By Lemma 1.2, part (v):

Prob(P is bad)
< Prob(2i, 1 <i<#/5;col(C;)=col(D,;)=0)
+ Prob(3i, 1 <i<t/5; col(C;)=col(D;)=1)
=2-(3/4) /5] < 1/k".

The total number of arithmetic progressions of length ¢ in N is bounded
by (4bm)* <0.01k®. Thus, the expected number of such bad sequences is
smaller than 0.01, and the probability that there is one is at most 0.01, as
claimed. |

LEMMA 14. Suppose the coloring C contains no bad progressions with
difference d>b of t=[100logk] terms. Then in any monochromatic
ascending wave in N of I=[k/27| terms the last difference is at least
k?/10® log* k.

Proof. let A=a,<a,< --- <a, be a monochromatic ascending wave.
Without loss of generality we may assume that its color is 0. By
Lemma 1.2, part (i), C contains no 5 consecutive blocks of color 0. It
follows that at most 4b < k/10 members of 4 are consecutive integers. After
these, 4 has to jump at least one block and as it is ascending we conclude
that for g =1 k/10 | we have a,, , —a,>b for all i> g. Suppose h> g and
put d=a,,,—a,. Consider the arithmetic progression x,, X, .., X, where
t=|100log k |, x,=a, and x, =a, . As this progression is good there is
some i such that x,e B, and col(B;)=col(B,, ;)= 1. As 4 is an ascending
wave it is clear that a,, ;> x;. Moreover, as a,, ; is colored 0, it must be
bigger than the maximum element of B, . It follows that a,. ;,—a,>
id + b. Therefore, the average difference a,;, , —a, for h<j<h+iis at least
d+bjizd+b/100logk. As A is ascending we conclude that a,,,,,—
a,,,>a,,,—a,+bl00logk. Summing these inequalities for h= g+ ir
0<i<[k/3t7] we obtain

a—a; 2ag+|'k/3ﬂ-t+ 1.7 gt Tkf307-1

[k b K
/(311'10010“ 108 logZk’

This completes the proof. |
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An immediate consequence of the last two lemmas is the following.

CorOLLARY 1.5. For sufficiently large k, the probability that in the
coloring C there is a monochromatic ascending wave of [ k/27] terms whose
last difference is smaller than 4b ( <k*/10% log? k) is at most 0.01.

Remark 1.6. Lemmas 1.3 and 1.4 easily imply that f(k) = Q(k*/log? k),
since in any monochromatic ascending wave of length k, each of the last
k/2 differences will be at least k?/10% log? k. Our objective is to improve
this bound and get the sharp estimate f(k)>(k*). This requires some
additional work, which follows.

Let us call a sequence X of positive real numbers x; <x,< --- <x, a
real ascending f-wave if O0<x;<x, < Xx;,;,—x;<X;,,—Xx,;,,; for all
1<i<t—2, and x,—x,_ ;<107 ¢ For such a sequence X, let | X |
denote the sequence of the integer parts of the members of X, ie.,
LX]=(x,J Lxz), ... Lx,]). Let R, denote the set of all real ascending
t-waves and define | R, |= {| X |: Xe R,}. Clearly, | R, ] is a finite set. The
next lemma provides an upper bound on its cardinality.

LemMMa 1.7. For all t = 1000,

(471075 4]—1

[LR, |l <10°. 2. 4Ly1000] ( .

)_2r10—3.q.2:/2.

Thus, for all sufficiently large 1,
ILR, <2

Proof. For X=(x;<x,<---<x,)eR, define 4=4(X) by 4=
(d, d, .., d,_;), where d;=x;,,—x; for 1<i<t Define also 4*=
A¥(X)=(d¥,d¥,..,d¥* |), where d*=10"8_10®4d, | Notice that d, <
dy< -~ <d,_<107"¢ and hence d¥<d¥< --- <d¥* <107t The
sequence 10%d¥, 1084%+1, 10°d¥+2,..,108d* ,+1—2 is a strictly
increasing sequence of nonnegative integers, whose largest member is at
most £+ [107¢¢]— 2. The number of such sequences is clearly at most

t+7107¢ 471
( (1 ) (1.1)
and hence (1.1) is an upper bound on the number of possible sequences 4*.
We next bound the number of sequences [ X | corresponding to members
X=(xy, .., x,)eR, with a given sequence A*(X)=(d}, .., d* ). There are
at most * possibilities for | x, | Given [ x, ], there are at most 10°
possibilities for the value of 10 10° x, | Notice that knowing this value,
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we know the values of x,, x,, ..., X1001, UP tO an error of 2 x 102, since
for i<1001, x,=x,+¥i_d;=10"10°x, |+ ¥;1d* +¢ where
0<e<1073+i-1073<2x 1073 In particular, there are less than four
possibilities for the value of 1073 10° x,4, J, and each of these values gives
us the values of X005 X10025 -» X2001 UP t0 an error of 2 x 10~°. Continuing
in this manner we conclude that for our given set 4*=(d}, ..., d} ;) there

are at most
10° - £2 - 41111000 (12)

possibilities for the values of (107°10% x,, 107310 x,00; Jy s
1073 10% X 1000, /1000 |+ 1.J) @and knowing these values we know each x;, up
an error of 2x 107> (and hence there are at most two possibilities for
Lx;J)-

Let us call a block of 1000 consecutive x;’s of the form (x(._ 1;10004 15 -»
Xuooo) bad if d_1)1000+1<d¥ 100041 Otherwise, we call it good. Since
d,_, <107 ¢ the number of bad blocks is at most 1075 ¢ (since the dif-
ference between any two nonequal d*’s is at least 10~8). These bad blocks
contain at most [1073 ¢ x;’s, and there are at most

pIRUNES (1.3)

possibilities for their floors. To complete the proof of the lemma we
estimate the number of possibilities for the floors of the members of the
good blocks. Let D = (x;_ 11000+ 1> - Xit000) b€ @ good block. The value of
each member of D is known, up to an error of 2 x 107>, and we also know
that the differences between any pair of consecutive members of the block
differ from each other by at most 1075 Let us call a member x; of the
block sure if | x; | is determined from our knowledge about the value of x;.
Otherwise, call it unsure. If the number of unsure elements in the block is
at most 500, then there are at most 2°® possibilities for the values of
{Lx;): x;e D}. Else, there are two consecutive unsure elements in the
block. Each of these two elements differs from an integer by at most
2x107° and hence their difference differs from an integer d by at most
4x107° As D is a good block, the differences between consecutive
elements of D satisfy d;_1y1000+1 <9 1)1000+2S - <dinooo-1 S
di_1y1000+ 1+ 1075 It thus follows that each member of the block differs
from an integer by not more than 5x 10~2 Let {x;: je J} be the collection
of all unsure elements in C. Each | x; | can be, according to our estimate
for x;, either n; or n,+ 1. Suppose that for a sequence X and for some i < j,
i, je J we have | x,{=n; and | x; ]=n;+ 1. Then one can easily check that
d,_;=x;—x;_, is slightly more than the integer d, as x;— x; is slightly
more than d-(j—i) and the sequence is ascending. It thus follows that in
this case, for every /> j, /€j, we have | x, |=n,+ 1. But this means that the
number of possibilities for (|x, ]: jeJ) is at most (M} ')+ 1< 1000% < 2°%.
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Therefore, in any case, the number of possibilities for (| x; |: x;€ D) for any
good block D is at most 2°%, and the total number of possibilities for the
floors of all the members of the good blocks is at most

242, (1.4)

We conclude that || R, || is bounded by the product of the estimates in
(1.1), (1.2), (1.3), and (1.4), as needed. As the expression in (1.1) can be
bounded by 2H/A+1070)-A+1070 " where H(x)= —xlog, x— (1 —x)
log,(1 —x) is the binary entropy function this implies that for large ¢,
ILR, |l <2%7, as claimed. ||

It is worth noting that with some additional effort the estimate in
Lemma 1.7 can be improved, but for our purposes here the present bound
suffice.

We now return to our random coloring C of the integers 1, 2, ..., 4bm.

LemMa 1.8. For sufficiently large k, the probability that there is, in C, a
monochromatic ascending wave of length t = [k/4] whose first difference is
at least 4b and whose last difference is smaller than 107't-b=
10~ k/4 | -| k/40 | is smaller than 0.01.

Proof. Let Q denote the set of all ascending waves in
N={1,2,..,4bm} whose first difference is bigger than 4b and whose
last difference is smaller than 107 !'*.7.5. For each member A=
(a;<ay< ---a,) of Q define an associated real ascending r-wave
X=X(A)eR, by X=(x,<x,< ---<x,) where x;,=a/b. Recall that
LX]=(xJ, Lx2)s - Lx,]) and notice that 4 is monochromatic if and
only if all blocks {B . :1<i< t} have the same color. By Lemma 1.2 part
(iv) for each fixed sequence | X(A4) = (x,], ..., Lx,]), the probability that
all the blocks {B, :1<i<t} have the same color is precisely 2/2. By
Lemma 1.7, for sufficiently large ¢ there are at most 22/* possible sequences
L X(A) |. Therefore, the probability that there is a monochromatic ascend-
ing wave 4 in Q is bounded by 2%/ -2/2’, which is smaller than 0.01, for
all sufficiently large ¢. ||

We can now complete the proof of Theorem 1.1. By Corollary 1.5 and
Lemma 1.8, for sufficiently large k, there is a coloring C of
N={1,2,.,4bm}={1,2,.,4- k/40]-| 10~ k*]} that satisfies the
following two properties;

The last difference of any monochromatic ascending wave of
length [k/27 is at least 4b. (1.5)

The last difference of any monochromatic ascending wave of
length | k/4 ] whose first difference is at least 4b, is at least
10~ k/4 )| k/40 | > 10~17 . k2 (1.6)
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Let us assume that there is a monochromatic ascending wave
A=(a;<a,<--- <a;) of length k in N. By (1.5), ar;/y— a4y, =4b.
Therefore, by (1.6), a;ya7.1— rarar> 10717 -k However, since 4 is
ascending this implies that a,, ; —a,> 10! k2 for all i > [ 3k/4 7. Therefore
a,>10"""k%.| k/4|> 1078 k3> 4bm, and hence A is not contained in N,
contradicting our hypothesis. This shows that f(k)> 2(k*) and completes
the proof of Theorem 1.1. |

2. ASCENDING WAVES IN DENSE SETS

In this section we prove Theorem 2.1.

Upper bound. Our construction is a discrete form of a Cantor set. For
iz1, 1<r<2'—1, r odd, let A; denote those integers x,

nr2 '<x<nr2”'+n27"2logn.

Let A, denote the union of A/ over these r. As |47 <n2 /2logn+1,
|A;| <n/dlogn+2'~"'. Let s be maximal with 2*<n/2logn. Let B equal
the union of 4;, 1 <i<sand S={1,..,n}— B,

IBI< Y, (n/dlogn+2""")<nja+2,

i=1

so |S| = n/2.
Now let a,,a,,.. be an AW in S Let 1<i<s+1 and
suppose x,,;—x,2n2""/2logn. Then x,,g05,—x,2n2" "2 Hence

(X X 1 8108.] must intersect some A;_, and therefore x,, ,—x,>
2-U"Y2logn for some u, t<u<t+8logn The hypothesis holds for
i=s+1, k=1 {as x,—x;>1) so for some u, |<u<1l+s(8logn)<
8log®n, it holds for i=2, ie., x,, ;— x,>n/4 log n. The AW can have only
4logn further terms so its total length is less than 8log*n+4logn=
(8 + o(1)) log? n.

Lower bound. Fix Sc[n], |S]=n/2. For 0<i<logn an i-gap is a gap
in § with length in [27, 2*1). Let u, be the total length of all i-gaps so

Ug+ --- +u1°g”=n/2.

Set
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Then
logn logn )
Z u,{= Z uk Z 2_j
i=0 k=0 Jj<k
log n
<2 Z u=n.
k=0
Also, let
loglogn
u/= Y u_,.
j=0
Then
log n log n
Y u/<(loglogn) Y, u,=n(loglogn)/2.
i=0 k=0
We call i OK if
u.<4nflogn (2.1)
u! < 2n(log log n)/logn (2.2)
i<logn—101loglogn. (2.3)

Let I denote the set of OK i. At most one quarter of the i fail (2.1), at most
one quarter fail (2.2) and o(1) of the i fail (2.3), so |1] > 0.49 log n.
For ie! call xe [n] i-fine if

xeS 24)
x+2'logn/100<n (2.5)

[x, x + 2" log n/100) intersects no (i + j)-gap, j=0. (Le., no
gap of size at least 2°) (2.6)

In (x,x+2'logn/100) the sum of all (i—j)-gaps,

1<j<loglogn (ie., of size between 2'/log n and 27), is less

than 2*log log n. 27
CLAM. At least 0.43 n x € [n] are i-fine.

Proof. Precisely n/2 xe [n] fail (2.4) and, by (2.3), o(n)<0.01n xe [n]
fail (2.5). If x satisfying (2.4), (2.5) fails (2.6) then

y—2'logn/100< x < y,
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where y is the leftmost element of an (i + j)-gap, j>0. There are at most
u;, 27"/ such gaps and so at most

(21og )/100 ¥ u,, 27~/ =u}(log n)/100 < n/25
j=0

(by (2.1)) such x.
Let A be the union of all (i—j)-gaps, 1<j<loglogn, so that
|A| =u; <2nloglogn/log n by (2.2). Then

Y |[x, x +2'log n/100] A A| < |4| 2! log n/100
x=1

< 2'n(log log n)/50

and (2.7) fails for at most n/50 xe [n].
Altogether at most 0.57nx are not i-fine, completing the proof of the
claim.

Double counting, there exists xe[n] which is i-fine for at least
0.43|1] = (log n)/10, ie I Fix this x and let I* be those ie I for which x is
i-fine.

The AW will be found by “splicing together” AWs for the various ie I*.
The individual AWs are given by the following result.

CLAM. Let x be i-fine. Let y satisfy
x < y<x+2'1og n/200.

That is, y is at most “halfway” through the interval (x, x + 2'log n/100).
Then there is an AW

y=x0<x1< e <xu

of length u= 107" log n/log log n satisfying

X, < xo+ 2" log n/200 (2.8)
x;—Xo=10-21og logn 2.9)
x,—x,_1<20-2'loglogn. (2.10)

Proof. We find this AW by a “greedy algorithm.” Set x=y,
4,=10-2"log log n. Now, by induction, let x, be the least element of S
which is at least x,_;+4,_, and set 4,=x,—x,_,. Set D,=4,—A4,_,.
Each D, is at most the length of the gap containing x,_,+ 4,_,; when
x,_+4,_,€8,D,=0.
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Assume (2.8). The gaps containing x,_, +4,_,, 1 <t<u, then all lie in
(x, x + 2" 1og n/100). Critically, they are all disjoint as they are separated by
elements of the AW. Thus

D+ ---+D,<2'loglogn+u(2'/logn)<2-2'loglogn.

Here 2'loglogn is a bound by (2.6), (2.7) on the sum of all gaps in the
interval of size at least 2//log n and u(2*/log n) bounds the sum of those
terms less than 2/log n. Now

X,—X,_ <49+ D+ --- +D,<20-2'loglogn

as desired.

We show (2.8) by a reductio ad absurdum. Assume to the contrary that
x,<Xxo+2'logn/200< x,, , for some v <u. Applying the above argument
tov

d,=x,—x, ;1<20-2'loglogn
and thus
Xo—Xo<v4,<2-107%. 2" log n.
But then x, + 4, <x,+2'log n/200 so D, , <2" and
Xpp1=%X,+4,+D,

<xo+(2-107%-2'log n) + (20 - 2'log log n) + 2*
< xo+ 2'log n/200

the desired contradiction.
Now we complete the lower bound argument. Let i’ <i be successive
elements of 7* and assume, by induction, that an AW

X=zy<z;< - <2,
has been created with
2, <x+2" log n/100
z,—2,_,<20-2"loglog n.
Since i’ <i—1, 2"'<2%2 and so
z,, < x +2'log n/200

z,—2,_,<10-2'loglogn.
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Apply the claim for i with y=z, to give an AW that we relabel
Z2,<Z2y 1< o <2y, AS

Zyi1—2,210-2'loglogn>z,—z,_,

we may append this wave onto the old AW giving an AW z,< --- <z,
still satisfying the induction hypothesis.

As each ie I* adds u = 10" log n/log log n elements to the AW, the final
AW has

u|I*| > 10"%log nfloglog n

elements.

3. CONCLUDING REMARKS

A real ascending wave of length k is a sequence of k real numbers
0<a,<a,< ---<agsuch that a;,, , —a,<a,,,—a,,  forall 1<ig<k-2.
Our proof for Theorem 1.1 actually gives the following, somewhat stronger,
result: There is a positive constant ¢ > 0 such that for every k> 1 there is
a 2-coloring of the real interval [0, ck*] which contains no monochromatic
real ascending waves @, <a, < --- <a, of length k, with a,—a, > 1.

The results of [BEF] imply that for any a, 0 <a < 1, there is a positive
constant ¢ = c(«) such that any set A< {1, 2, .., n} of cardinality |4| > n*
contains an ascending wave of length at least ¢ -log n. Our Cantor-set-type
construction for the upper bound of Theorem 2.1 can be easily modified to
show that this is sharp. Namely, for every a, 0 <a <1, there is a positive
constant d(«) and a set 4 < {1, ..., n} of cardinality |4| > n* which contains
no ascending wave of length greater than d(a) log n.

We close with some imprecise remarks concerning attempts to improve
the lower bound of Theorem 2.1. Let x be i-fine. We would like to eliminate
the loglogn factor in the claim. We try to set u=10""logn and
Ady=x,—Xx,=10-2". Say that a gap G in (x, x+2'log n/100) is “hit” if
some x,+4;€G. As all x;—x;_,>2"an (i — j)-gap G has “probability” less
than 2~/ of being hit. The total size of all (i — j)-gaps, j> 0, that are hit has
“expectation” less than

Y. u;_(2'logn/100n) 2~/ = Y 2°77/100 = 2%/100,

j>0 i>0

when all u;=n/log n. If for a given x gaps with total size less than 2//100
are hit then D, + --- + D, <2100 and the proof succeeds.
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There are several problems with this approach. The probability is not
clearly defined, do we select x at random? The u; are not necessarily
uniform, though this can probably be dealt with by an averaging argument,
Most critically, an (/— j)-gap G may have “probability” far greater than
277 of being hit of earlier gaps force the greedy algorithm AW to “focus in”
on G. Nonetheless, we make the following guess as to the true state of
affairs.

Conjecture. g(n) = @(log? n).
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